EQUILIBRIUM STATES FOR RANDOM NON-UNIFORMLY 

EXPANDING MAPS 



ALEXANDER ARBIETO, CARLOS MATHEUS AND KRERLEY OLIVEIRA 

Abstract. We show that, for a robust (C^-open) class of random non- 
uniformly expanding maps, there exists equihbrium states for a large 
class of potentials. In particular, these sytems have measures of maximal 
entropy. These results also give a partial answer to a question posed by 
Liu-Zhao. The proof of the main result uses an extension of techniques 
in recent works by Alves-Araiijo, Alves-Bonatti-Viana and Oliveira. 



1. Introduction 

Particles systems, as they appear in kinetic theory of gases, have been an 
important model motivating much development in the field of Dynamical 
Sytems and Ergodic Theory. While these are deterministic systems, ruled 
by Hamiltonian dynamics, the evolution law is too complicated, given the 
huge number of particles involved. Instead, one uses a stochastic approach 
to such systems. 

More generally, ideais from statistical mechanics have been brought to 
the setting of dynamical systems, both discrete-time and continuous-time, 
by Sinai, Ruelle, Bowen, leading to a beautiful and very complete theory 
of equilibrium states for uniformly hyperbolic diffeomorphisms and flows. 
In a few words, equilibrium states are invariant probabilities in the phase 
space which maximaze a certain variational principle (corresponding to the 
Gibbs free energy in the statistical mechanics context). The theory of Sinai- 
Ruelle-Bowen gives that for uniformly hyperbolic systems equilibrium states 
exist, and they are unique if the system is topologically transitive and the 
potential is Holder continuous. 

Several authors have worked on extending this theory beyond the uni- 
formly hyperbolic case. See e.g. j^I, ^Sl) among other important authors. 
Our present work is more directly motivated by the results of Oliveira 
where he constructed equilibrium states associated to potentials with not- 
too-large variation, for a robust (C^-open) class of non-uniformly expanding 
maps introduced by Alves-Bonatti-Viana ^2]. 

On the other hand, corresponding problems have been studied also in 
the context of the theory of random maps, which was much developed by 



Date: March 12, 2003. 

A. A. was partially supported by CNPq-Brazil, CM. was partially supported by Faperj- 
Brazil and K.O. was partially supported by CNPq-Brazil. 

1 



2 



A. ARBIETO, C. MATHEUS AND K. OLIVEIRA 



Kifer and Arnold among other mathematicians. Indeed, Kifer [0] 
proved the existence of equihbrium states for random uniformly exapnding 
systems, and Liu ^ extended this to uniformly hyperbolic systems. 

In the present work, we combine these two approaches to give a construc- 
tion of equilibrium states for non-uniformly hyperbolic maps. In fact, some 
attempts to show the existence of equilibrium states beyond uniform hyper- 
bolicity were made by Khanin-Kifer j2|. However, our point of view is quite 
different. Before stating the main result, we recall that a random map is a 
continuous map / : — > C^'(AI, M) where M is a compact manifold is a 
Polish space, and T : 17 ^ $7 a measurably invertible continuous map with 
an invariant ergodic measure P. The main result is the following : 

"For a C'^-open set T of non-uniformly expanding local diffeomorphisms, 
potentials (j) with low variation and / : $7 — > JF, there are equilibrium states 
for the random system associated to f and T. In particular, f admits mea- 
sures with maximal entropy. " 

A potential has low variation if it is not far from being constant. See the 
precise definition in section 3. In particular, constant functions have low 
variation; their equilibrium states are measures of maximal entropy. 

The proof, which we present in the next sections extends ideias from 
Alves-Araujo Alves-Bonatti-Viana |2] and Oliveira jl2| . 

It is very natural to ask whether these equilibrium states we construct 
are unique and whether they are (weak) Gibbs states. Another very inter- 
esting question is whether existence (and uniqueness) of equilibrium states 
extends to (random r deterministic) non-uniformly hyperbolic maps with 
singularities, such as the Viana maps H}. Although our present methods do 
not solve these questions, we believe the answers are affirmative. 

2. Definitions 
Random Transformations and Invariant Measures 

Let be a compact /-dimensional Riemannian manifold and D the space 
of local diffeomorphisms of M. Let (r2,T, P) a measure preserving sys- 
tem, where T : 17 ^ is P-invariant (P is a Borel measure) and 17 is a 
Polish space, i.e., 17 is a complete separable metric space. By a random 
transformation we understand a continuous map / : 17 — > D. Then we 
define: 

(1) f^iw) = f{T^~\w)) o . . . o f{w), f-^iw) = inw)r\ 

We also define the skew-product generating by /: 

F : 17 X Af ^ 17 X M, F{w, x) = {Tw, f{w)x). 

We denote P(17 x M) the space of probability measures on 17 x M such 
that the marginal of /u on 17 is P. Let >i(17 x M) C P(17 x M) be the 
measures ^ which are F-invariant. 

Because M is compact, invariant measures always exists and the property 
of P be the marginal on 17 of a invariant measures can be characterized by 
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its disintegration: 

dfj.{w,x) = dfiw{x)dF{w). 
called samples measures of /i (see [HI, |1U|). 

An invariant measure is called ergodic if {F, /i) is ergodic, the set of all 
ergodic measures is denoted by A4e{^ x M). Furthermore, each invariant 
measure can be decomposed into its ergodic components by integration when 
the (7-algebra on 0, is countably generated and P is ergodic. 

In what follows, as usual, we always assume {Q, A, P) is a Lebesgue 
space, (r, P) is ergodic and T is measurably invertible and contin- 
uous. Observe that these assumptions are satified in the canonical case of 
left-shift operators r, n being C'"{M,Mf or C''{M,M)^. 

Entropy 

We follow Liu j2j on the definition of the Kolmogorov-Sinai entropy for 
random transformations: 

Let ^ an i^-invariant measure like above. Let a finite Borel partition of 
M. We set: 

(2) h,{f,0= lim - [ H,JVl-lf{w)-'Odnw), 

n-^+oo n J 

where H^{rj) := — J^ce-q ^(^) logi^(C) (and OlogO = 0), for a finite par- 
tition Tj and v a probability on M (and are the sample measures of fi). 

Definition 2.1. The entropy of{f,fj,) is: 

h^{f) := sup/i^(/,^) 

with the supremum taken over all finite Borel partitions of M . 
Definition 2.2. The topological entropy of f is htopif) = sup/i^(/) 

Theorem 2.3 ("Random" Kolmogorov-Sinai theorem). If B is the Borel 
a-algebra of M and is a generating partition of M, i.e., 

+ 00 

V f~''M ^ = ^ /or P - a.e. w, 

k=0 

then 

For a proof of this theorem see ^U] or [1] . 
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Equilibrium States 

Let L^{n,C{M)) the set of all families {(p = {(py, G C°(M)}} such that 
the map {w,x) — > </>u,(x) is a measurable map and ||0||i := \(j)w\aodF{w) < 
+00. 

For a G L^{n, C{M)), e > and n > 1, we define: 
■Kf{(l)){w,n,£) = sup{^ g'5/(0)(«),n,x). ^ -g ^ ^^^^-j - separated set}, 

x&K 
n-1 
k=0 

Definition 2.4. The map vr/ : L^(0,C(M)) ^ M U {00} given by: 

TT/ (</>) = lim lim sup — / logTTf{(f>){w,n,e)dF{w). 

is called the pressure map. 

It is well know that the variational principle occurs (see I^): 

Theorem 2.5. If Q is a Lebesgue space, then for any cj) € L^{Q,C{M)) we 
have: 

(3) 7r/(0) = sup {hf,{f) + / (pdfi} 

MeA4(CxM) J 

Remark 1. If P is ergodic then we can take the supremum over the set of 
ergodic measures. 

Definition 2.6. A measure /i G x M) is an equilibrium state for f , 

if /i attains the supremum of 

Physical Measures 

As in the deterministic case, we follow ^ on the definition of physical 
measure in the context of random transformations : 

Definition 2.7. A measure ^ is a physical measure if for positive Lebesgue 
measure set of points x G M (called the basin -B(^) of fi), 
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3. Statement of the results 

Before starting abstract definitions, we comment that in next section, it 
is showed that there are examples of random transformations satisfying our 
hypothesis below. 

We say that a local diffeomorphism / of M is in ^ if / is in V and satisfies, 
for positive constants 5o, /3, 5i, ai, and p, q £ N, the following properties : 
(HI) There exists a covering Bi, . . . , Bp, . . . , -Bp+q of M such that every 
f\Bi is injective and 

• / is uniformly expanding at every x £ Bi L) ■ ■ ■ U Bp-. 

\\Df{xy'\\ < il + 5i)-\ 

• / is never too contracting: < (1 + Sq) for every 
X € M. 

(H2) / is everywhere volume-expanding: | det Df{x)\ > ai with ai > q. 
Define 

V = {xeM; \\Df{x)-^\\ > (1 + Si)-^}. 

(H3) There exists a set C -Bp+i U ■ ■ ■ U Bp^g containing V such that 

Ml > 1712 and m2 — mi < (5 

where mi and m2 are the infimum and the supremum of | det Df \ on 
V , respectively, and Mi and M2 are the infimum and the supremum 
of I detZ)/| on W^, respectively. 

This kind of transformations was considered by [2], J2]) CP? where they 
construct C^-open sets of such maps. 

We will consider a subset c such that : 

(CI) There is a uniform constant ^0 s.t. | log Ij/Hc^l < ^0 for any / G ^ 
and the constants mi, 772-2, Mi, M2 are uniform on T ; 

From now on, our random transformations will be given by a 

map f : ^ and / satisfy the following condition : 

(C2) / admits an ergodic absolutely continuous physical measure (see 
section 2). 

Remark 2. We will show in the appendix that {HI), {H2) implies the fol- 
lowing property: 

(Fl) There exists some 70 = 7o('^i5 ci,p, g) < 1 such that the random 
orbits of Lebesgue almost every point spends at most a fraction of 
time 7o < 1 inside -Bp+i U • • • U -Bp+g, depending only on ai, p, q. 
I.e., for P-a.e. w and Lebesgue almost every x 

#{0 < J < n - 1 : fHw)ix) £ ^p+i U ■ ■ ■ U Bp+J 
hm < 7o. 

Then we analyse the existence of an equilibrium state for low-variation 
potentials: 
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Definition 3.1. A potential (j) € L}{Q.,C{M)) has po-low variation if 
(5) \mi<Trf{^)-pohtop{f). 

Remark 3. We call (j) above a po-low variation potential because in the 
deterministic case (i.e., (I){w,x) = (/>(x)), if maxc/) — mmcp < (1 — po)htopif) 
then (p satisfies ©• 

The main result is : 

Theorem A. Assume hypotheses (HI), (H2), (H3) hold, with 5q and /3 
sufficiently small and assume also conditions (CI), (C2). Then, there exists 
po such that if (j) is a continuous potential with pQ-low variation then (p has 
some equilibrium state. Moreover, these equilibrium states are hyperbolic 
measures, with all Lyapunov exponents bigger than some c = c{5i,ai,p,q) > 
0. 

4. Examples 

In this section we exhibit a C^-open class of C^-diffeomorphism which are 
contained in J^. To start the construction, we now follow J2] ipsis-literis 
and construct examples of 'deterministic' non-uniformly expanding maps. 
After this, we construct the desired random non-uniformly expanding maps 
in a C^-neighborhood of a fixed diffeomorphism of 

We observe that the class J- contains an open set of non-uniformly exa- 
panding which are not uniformly exapnding. 

We start by considering any Riemannian manifold that supports an ex- 
panding map g : M ^ M. For simplicity, choose M = the n-dimensional 
torus, and g an endomorphism induced from a linear map with eigenvalues 
A,i > • • • > Ai > 1. Denote by Ei{x) the eigenspace associated to the eigen- 
value Aj in TxM. 

Since g is an expanding map, g admits a transitive Markov partition 
Ri,...,Rd with arbitrary small diameter. We may suppose that g\Ri is 
injective for every i = l,...,d. Replacing by a iterate if necessary, we 
may suppose that there exists a fixed point po of g and, renumbering if 
necessary, this point is contained in the interior of the rectangle R^ of the 
Markov partition. 

Considering a small neighborhood W C Rd of po we deform g inside W 
along the direction Ei . This deformation consists essentially in rescaling the 
expansion along the invariant manifold associated to Ei by a real function 
a. Let us be more precise: 

Considering W small, we may identify W with a neighborhood of in 7^" 
and Po with 0. Without loss of generality, suppose that W = (— 2e,2e) x 
-B3r(0), where B^riO) is the ball or radius 3r and center in 7?.""^. Consider 
a function a : (— 2e, 2e) TZ such a{x) = \ix for every \x\ > e and for small 
constants 71 , 72 : 
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(1) (l + 7i)"^ < a'ix) < Ai+72 

(2) a'{x) < 1 for every x G (-f , |); 

(3) a is C°-close to Ai: sup \a{x) — Xix\ < 72, 

xe(-e,e) 

Also, we consider a bump function 9 : ^3^(0) — > TZ such 9{x) = for 
every 2r < |a:| < 3r and 0(.x) = 1 for every < |x| < r. Suppose that 
||6''(a;)|| < C for every x € i?3,.(0). Considering coordinates {xi, . . . ,Xn) 
such that G -Ej, define /o by: 

fo{xi, ...,Xn) = (AiXi + 9{X2, Xn){a{xi) - XlXi), X2X2, XnXn) 

Observe that by the definition of 9 and a we can extend /o smoothly to 
as fo = g outside W. Now, is not difhcult to prove that /o satisfies the 
conditions (HI), (H2), (H3) above. 

First, we have that \\D fo{x)-'^ \\-^ > min 1 1 9a;. /o 1 1. Observe that: 

i=l,...,n 

dxifoixi, ...,Xn) = {a'{xi)9{x2, . . . , x„) + (1 - 9{x2, x„))Ai, 0, . . . , 0) 

dxifoixi, ...,Xn) = {ia{xi)-Xi)dx.9{x2, . • • , 0, . . . , Aj, 0, . . . , 0), for z > 2, 

Then, since ||9a;j0(x)|| < C for every x G i?3,.(0), and a{xi) — AiXi < 72 
we have that ||5a;./o|| > (A^ — 72C) for every i = 2, ...,n. Moreover, by 
condition 1, ||5a;^/o|| < max{a'(xi), Ai} < Ai + 72, if we choose 72 small in 
such way that A2 — 72C > Ai + 72 then: 

WdxifoW > \\dxJo\\, for every i > 2. 
Notice also that ||9a;i/o|| > min{Q;'(xi), Ai} > (l + 7i)~^. This prove that: 

||^/o(x)-^||-^ > min Wd^JoW (l + 7i)"'- 

1=1,. ..,n 

Since / coincides with g outside W, we have ||Z?/o(x)~-'^|| < X^^ for every 
X G W^. Together with the above inequality, this proves condition (HI), 
with 5o = 7i • 

Choosing 71 small and p = d — 1, q = 1, Bi = Ri for every i = l,...,d, 
condition (H2) is immediate. Indeed, observe that the Jacobian of /o is 
given by the formula: 

n 

detDfo{x) = {a'{xi)9{x2, . . . ,a;„) + (1 - 9{x2, ■ ■ • , a;„))Ai) JJ Aj. 

1=2 

Then, if we choose 71 < 11^=2 ~ 

n 

detDfoix) > {l + ji)-^l[Xi > 1. 

i=2 

Therefore, we may take ai = (l + 7i)~^ 11^=2 A^ > 1. 

To verify property (H3) for /o, observe that if we denote by 
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V = {xeM- WDUxY^W > (1 + 
with 5i < \i — 1, then V C W. Indeed, since a{xi) is constant equal to 
Xixi outside W we have that ||L)/o(x)~^ || < Aj~^ < (1 + for every 

X € W^. Given 73 close to 0, we may choose 61 close to and a satisfying 
the conditions above in such way that, 

sup a'(xi) - a'(yi) < 73. 

x,yGV 

If mi and m2 are the infimum and the supremum of | det DJqI on V, respec- 
tively, 

1712 — nil < C{ sup a'{xi) — a'{yi)) < 73C, 

x,y£V 

n 

where C = Aj. Then, we may take [5 = 73C in (113). If Mi is the infimum 

i=2 

of |detD/o| on VF^, Mi > m2, since Ai > (1 + 61) > supa'(x). 

x&V 

The arguments above show that the hypotheses {HI), {H2), {H3) are sat- 
isfied by /q. Moreover, if we one takes a(0) = 0, then po is fixed point for 
/o, which is not a repeller, since a'(0) < 1. Therefore, /o is not a uniformly 
expanding map. 

It is not difficult to see that this construction may be carried out in such 
way that /o does not satisfy the expansiveness property: there is a fixed 
hyperbolic saddle point pQ such that the stable manifold of po is contained 
in the unstable manifold of two other fixed points. 

Now, if T denotes a small C^-neighborhood of /o in J^, and h : —> 
is a continuous map, Alves-Araujo shows that w* G Q is such that 
f{w*) = fo and 9^ is a sequence of measures, supp(0£) — > {wq} then 
for small e > there are physical measures for the RDS / : 17^ T , 
/(..., u)_fc, . . . , ifo, . . . , tWfc, . . . ) = h{wo) . This concludes the construction 
of examples satisfying {HI), {H2), {H3), (CI), (C2). 

5. Proof of the theorem A 

We now precise the conditions on 60 and (3. We consider 70 given in 
condition {Fl). By condition (CI), there exists eo > s.t. for any rj G -B^oCO 
and P-a.e. w holds : 

\\Df{w)-^r,)\\ - ' 

where c is such that for some a > 70, we have (l+(^o)"(l+'5i)^^"'^ < < 
1 and am2 + (1 - a)M2 < 70^1 + (1 - 7o)Mi - / log(l + 5o) {I := dim(M)), 
if (5o and /5 are sufficiently small. Now, the constants fixed above allows 
us to prove good properties for the objects defined below, which are of 
fundamental interest in the proof of theorem A. 

Expansive Measures and Hyperbolic Times 
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Definition 5.1. We say that a measure v € x M) is /-expanding 

with exponent c if for v -almost every {w,x) Q x M we have: 

^ n— 1 

X{vu,x) =limsup-y2^og\\Df{T^{w)){f{w){x))-^\\ < -2c < 0. 

n— >+oo ri . 

Definition 5.2. We say that n is a hyperbolic time for (w, x) with exponent 
c, if for every 1 < k <n: 

n-l 

n \\Df{T^+\w)){f^{w){x)r'\\<e-'^'^. 

j=n—k 

As in lemma 3.1 of j2j, lemma 4.8 of ^21 and lemma 2.2 of we have 
infinity many hyperbolic times for expanding measures. For this we need a 
lemma due to Pliss (see [2]). 

Lemma 5.3. Let A > C2 > ci > and = ^JZ^I ■ Given real numbers 
ai , • • • , Oat satisfying: 

N 

Oj > C2N and aj < H for all 1 < j <, 
there are I > (N and 1 < ni < ■ ■ ■ < ni < N such that: 

rii 

Oj > ci(ni — n) for each < n < Ui, i = 1, ■ ■ ■ ,1. 

j=n+l 

Lemma 5.4. For every invariant measure v which is c-expanding, there 
exists a full v-measure set H d x M such that every (w, x) ^ H has 
infinitely many hyperbolic times rii = ni{w,x) with exponent c and, in fact, 
the density of hyperbolic times at infinity is larger than some do = do{c) > 0: 

n-l 

(1) Jl \\Df{T^+\w)){f^{w)ix)y^\\ < e-^^ for every 1 < k < Ui 

j=n—k 

(2) liminfM^^Z^i^>d,>o. 

Proof. Let H C ^ x M with full i/-measure. For any {w, x) £ H and n large 
enough, we have: 

Y,log\\Df{T\w)){f\w){x))-'\\ < --n 

j=0 

Now, by (CI) we can apply lemma 1^31 with A = sup (— log \ \Df(w)^^{x)\\), 

{w,x) 

ci = c, C2 = Y ^'^d tti = — log \\Df{T^{u!)){f^{u!){x))~^\\ and the statement 
follows. □ 
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Lemma 5.5. 3 eo > such that for F-a.e. w, if rii is a hyperbolic time of 
{w,x) and /"'H(^) e ^6o(/"'H(a;)) then d{f"i-^ {w){z), f"'-^ {w){x)) < 
e=^d{f^^iw){z),f^^{w){x)), VI <i < m. 

Proof. By (CI) we know that there exists £o > such that for any r) G B^^ (^) 
we have: 

\\Df{w) i(?7)|| 

In fact, this hold in the T-orbit of u; P-ae. Indeed, let C = {w; |!n{/"'|-i'Flli < 

' ' I. ' \\Df{w) — 

62} for any ^ and rj G Bsg{$^), then f\T^C) has full measure and the esti- 
mate follows. Because f"'^{w){z) € i?eg(/"'(tt;)(x)), by the estimative above, 
we have that w P-ae if we take the inverse branch of f '^'-^w) which sends 
f'^^{w){x) to (restricted to B^^^f^^ {w){x))) and has derivative 

with norm less than e~2, then we have d{f"'''~^{w){z), f"''-~^{w){x)) < Eq. 
Using the estimate along the orbit (and induction), we have: 

n-l 

Yl \\Df{T^+\w)){f^{w){z))-^\\ < e-"^ for all < < n^. 

j=n—k 

The statement follows. □ 

Now we define a set of measures where the "bad set" V has small measure. 

Definition 5.6. We define the convex set by 

Ka = {fi: xV) <a} 

Lemma 5.7. ^ % is a compact set. 

Proof. Let C Ka. By compacity, we can assume that /x^ — > /x. Since 

V is open then /x(J7 x F) < liminf(/i„)(0 xV) <a. This implies compacity. 
The physical measure given by condition (C2) (see equation (4)) is in Ka, 
because Leb-a.e. random orbit stay at most 70 < a inside V (by (Fl)). By 
definition of physical measure (limit of average of Dirac measures supported 
on random orbits) and the absolute continuity with respect to the Lebesgue 
measure, /U^(F) < a for w P— a.e. holds. In particular, ^(O x V) < a. □ 

We recall that the ergodic decomposition theorem holds for RDS. With 
this in mind, we distinguish a set /C C Ka : 

Definition 5.8. /C = {/v, : H{w,x) ^ Ka for fx — a.e.{w,x)} (fJ,(^w,x) the 
ergodic decomposition of fx). 

Lemma 5.9. Every measure fj, & IC is f -expanding with exponent c : 



limsup-^log||L'/(r^(w;))(/^(w;)(x))-i|| < -2c 

n— ►-I-00 ■ „ 

for fi-a.e. {w,x) G M. 
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Proof. We assume first that n is ergodic. By definition of Ka, we have 
X V) < a. But Birkhoff 's Ergodic Theorem applied to {F, //) says that 
in the random orbit of (w, x) /u— a.e. we have: 

^ n— 1 

lim -y2xv{f{w){x)) < a. 

i=0 

Now, we use hypothesis (HI): \\Df{w,y)^^\\ < (1 + Sq) for any y ^ V and 
||-D/(u;, y)""*^ II < (1 + 5i)^^ for any y £ V^, obtaining: 

-. n— 1 

- V log ||I)/(r^'H)(/^'H(x))-i|| < log[(l + 5o)°(l + (^i)'""] < -2c < 
n ^-^ 

j=0 

{w, x) — n—a.e. 

In the general case we use the ergodic decomposition theorem (see |12| 
and [in]). □ 

Entropy lemmas 

Definition 5.10. Given e > 0, we define : 

Ae{w,x) = {y : d{p{w){x), p{w){y)) < e for every n > 0}. 

Lemma 5.11. Suppose that £ tC is ergodic and let eq given by lemma [^~^ 
Then, for F-almost every w and any e < Eq, 

A^i^w, x) = X. 

Proof. By lemma |H3] we have infinity hyperbolic times nj = ni{w,x) for 
{w,x) G H (where n{H) = 1). For each w set i/^ = {x; (wjx) G H}, then 
P-a.e. w we have ^w{Hw) = 1 and infinity hyperbolic times for 
Now, by lemma 1^31 if z E Ai;{w,x) with e < Eq we have: 

dix,z) < e-^d(/"»(u;)(x),/">(u;)(z)) < e-^E. 
The lemma follows. □ 

Let "P be a partition of M in measurable sets with diameter less than eq. 
From the above lemma, we get : 

Lemma 5.12. V is a generating partition for every ^ € /C. 
Proof. As usual we will write: 

K = {C = i'Pn.)io n • • • n f-^''-'Kw)iV^),„_,)} for each n > 1, 

where {Vw)i,. is an element of the partition V. By the previous lemma, 
we know that for P-a.e. w, we have A^{w,x) = x for x ^yj-a.e. Let A a 
measurable set of M and 5 > 0. Given Ki C A and K2 C A'^ two compact 
sets such that /i^(Ki AA) < 5 and /i^(i^2 AA'^) < 6. Now if r = d{Ki,K2), 
the previous lemma says that if n is big enough then diamV^{x) < | for 
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x in a set of /i^-measure bigger than 1 — 6. The sets (CJ^)i, ■ • • , (CS)fc that 
intersects Ki satisfy: 

/x(U(c:;).AA) = /x(U(c:;). -A)+ /.(A - Uic::,),) 

< fj.{A - Ki) + ^JL{A'' -K2) + 6< 36. 

This end the proof. 

□ 

Corollary 5.13. For every /i G AC, hf^{f) = h^{f,V) 

Proof. The result follows from lemma IB . 1 2 1 and the theorem 12., □ 

We have that the map /i — > is upper semi-continuous at //q 

measure s.t. {fio)widP) = for P-a.e. w, P & V. In fact, we have : 

h^{f,V) =]im-[ H^jV::,)dF = M- [ H^^{Vl)dF{w). 

n—*<X) n J n n J 

But, if {fJ.o)w{dP) = for any P & V and P-a.e. w, then the function H(ij,, n) 
given by — > / Hfj_^{VJ^)df is upper semi-continuous at /^o- Indeed, since 
we are assuming that T is continuous, the same argument in the proof of 
theorem 1.1 of shows this result. In particular, because the infimum of a 
sequence of upper semi-continuous functions is itself upper semi-continuous, 
this proves the claim. 

Lemma 5.14. All ergodic measures ij outside fC have small entropy : there 
exists po < 1 such that 

hriif) < Pohtopif)- 

Proof. By the random versions of Oseledet's theorem and Ruelle's inequality 
(see [0]), we have: 

h^if) < [ ^X^'\w,x)m^'\w,x)dr]. 
i=i 

where \^'^\w.,x) and m^*^(t(;,x) are the Lyapunov exponents of / at {w,x) 
and its multiplicity respectively (and \'^^\w , x) ., ■ ■ ■ ,X^^\w,x) are the pos- 
itive Lyapunov exponents). Furthermore, by hypothesis the measure is er- 
godic, then these objects are constant a.e. then /!»)(/) < X]i=i A^*^ and 
/log||detD/(u;)(x)||dr/ = ^.AW. Since \\Df{w){x)-'^\\ < (l + ^o) we have 
A; > — log(l + Jo)- By the definitions of m2, M2 and the above estimates, 
we have by (CI): 

hr,{f) < I \og\\Df{w){x)\\dr^- A* 

i=s+l 

< T](n X V)m2 + (1 - vi.^ X V))M2 + {l- s)(l + <5o) 

< am2 + (1 - a)M2 + / log(l + 60) 
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Now the physical measure /ip given by condition (C2) satisfy fip{W) < 70 
(by (Fl)). The Random Pesin's formulae gives: 

V(/) = / log WdetDfWdfi^ > fiviW)mi + (1 - MW))Mi. 

But mi < Ml then 7omi + (l-7o)Mi < h^^{f). Using that t] ^ K,m2 < M2 
and (CI) we have: 

am2 + (1 - a)M2 < 70^1 + (1 - 70)^1 - I log(l + 60). 

Then, we can choose pq < 1 such that 

am2 + (1 - a)M2 + /log(l + 60) < po{'jomi + (1 - 7o)Mi) < poh^^if) 

This gives: /i^(/) < pohtopif)- □ 

Corollary 5.15. 'Kf{4') = sup{/i^(/) + / (pdp}. 

Proof. By remark^ we need to show that: 

sup{/i^(/) + / (l)dp} = sup {V(/) + / Hp} 

By the previous lemma, if ^ /C then: 



□ 



h^if) + <pdri< Pohtopif) + UWi < T^f{(p) 



Proof of theorem A. We will use the following notation: ^{p) = hf^(f) + 
/ (pdp. Let {pk} C /C such that '^{pk) '^fi4')j by compacity we can 
suppose that pk converge to p weakly. 

Fix V a partition with diameter less than Eq, and for w-a.e., pu]{dP) = 0, 
for any P ^ V. By corollarv 15.131 we have h^^{f) = hfj_i,{f,V). Then 

7rj(0) = sup^'(r/) = limsup ^'(/ifc). By the comments after corollarv 15.131 

rieK. 

we know that r/ — > hq{f,V) is upper semicontinuous in 77 over /C, then: 

limsup^(/ife) < h^{f,V) + j (pdp< ^(/i). 

But, ^{p) < TTf{(p). This implies that p is an equilibrium state. 

In the other hand, if r/ is a measure which attain the supremum in ^ 
then let r/(^ .j,) the ergodic decomposition of rj. Then the entropy of rj is 
equal to the integral of entropies of its ergodic components (see P, page 
1289 and references there in), of course the same occurs with the ^{rj) (*). 
If {x,w) ^ {{x,w);r](^^^^) G /Cq,} then by lemma 1^.141 



^(r/x) = \,,„)(/) + J <t>d'n{x,w) < Pohtopif) + II0II1 < 7r/(0). 

Then if ri{{{x,w);r](^x,w) ^ K^aY) > 0, (*) says that ^(?7) < vr/(r/) a contra- 
diction, so every equilibrium state is in /C. The proof of the theorem is now 
complete. □ 
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Remark 4. Liu-Zhao show the semi-continuity of the entropy under the 
hypothesis that T : ^ is continuous and / is expansive at very point of 
M. From this result, a natural question is : "What about the semi-continuity 
without topological assumptions (e.g., continuity) ? And the case of weak 
expansiveness assumptions ?". We point out that the proof of theorem A 
shows the semicontinuity of the entropy map in the set IC. This partially 
answer the question since, although we need to assume continuity, only a 
weak expansion at Lebesgue a.e. point of M is required (this assumption 
is the sole reason of the restriction to the set of measures IC). Indeed, non- 
uniform expansion on Lebesgue a.e. point obligates us to restrict the proof 
of our lemmas on semicontinuity to the set IC. 

Remark 5. Our theorem A holds in the context of RDS bundles (see [0] 
or JJ^) with the extra assumption that T and the skew-product F are 
continuous. 



6. Appendix 

We now prove that {Fl) follows from (HI) and (H2), in fact, this is a well 
know argument (see for example jlj), but for sake of completeness we give 
the proof. 

Fix {w,x), if i = (io, • • • in-i) G {1, • • • ,P+qT let [i] = Bi^nf-\w){B,^)n 
■ • • n /-+i(«;)(B,„„J and g{i) = #{0 < j < n;I, < p}. 

If 7 > then #{i;g{i) < 771} < Yl {^jP^^Q^- Stirling's formula this 

is bounded by (e^p'^q)"' (here ^ depends of 7) and .^(7) — > if 7 ^ 0. 

Now (HI) and (H2) says that m([i]) < a^'^aj'^. If we set I{n,w) = 

{j{[i]', g{[i]) < 7"-} then m{I{n,w)) < a^^^ "''^'^ (e^p'^q)"' and since ai > q 
there is a 70 (small) such that [e^p^q)"^ < Then there is a r = 

r(7o) < 1 and iV = A^(7o) such that if n > then m{I{n,w)) < r" 

Let /„ = IJ({^} ^ I{f^^w)) and by Fubini's theorem P x Le6(/„) < r" if 

w 

n > N. But X] ^ Leb{In) < 00 then Borel-Cantelli's lemma implies: 

n 

PxLe6(f| \Jlk) = 

n>l n>k 

Using Birkhoff's theorem we have that the set: 

{(„,. 3 „ > 1, V;= > „, lim *lO<J<n;fH^)(.)eB,U-VB,} 

n 

has P X Le&-measure at least 79. Now by Fubini's theorem again, we have 
(Fl). 
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